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Abstract

A theory of precipitation of radiogenic Si in Al is developed. The aim of this study is to predict quantitatively the

variation of microstructural parameters such as precipitates number and sizes dependently on irradiation parameters.

Analogy with deposition of thin films and formation of silver halides is discussed. A model for the precipitation of

radiogenic Si in Al is developed on the basis of the theory of Ostwald-ripening in precipitation processes with constant

rate addition of monomers. The model predicts that after the precipitation process enters the �late� stage, the number of

precipitates depends only on the ratio between the thermal and fast neutron fluxes but not on the absolute values of flux

and fluence. A quantitative interpretation of the spectral effect, suggested by Farrell [Mater. Res. Soc. Symp. Proc. 373

(1995) 165] is given. The predictions of the model are compared with experimental results.

� 2002 Elsevier Science B.V. All rights reserved.

1. Introduction

In neutron-irradiated aluminum Si is produced by

(n; c) transmutation reaction, initiated by thermal neu-

trons. The solubility of Si in Al at the irradiation tem-

peratures is negligible and therefore the radiogenic Si

segregates into precipitates, in particular with diamond

structure [1,2]. Along with void-formation, caused by

fast-neutrons, Si precipitates increase the material�s
strength and decrease its ductility [3]. The mechanical

properties may depend not only on the whole amount of

produced Si but also on the precipitate size and number.

Thus it is important to know the dependence of Si pre-

cipitates size and number on irradiation conditions.

Recently, Farrell [4] analyzed experimental results

obtained at two reactors and suggested the existence of a

�spectral effect�, which is revealed in the dependence of

the number and sizes of precipitates on the spectrum of

reactor neutrons. Farrell argued that vacancies formed

by fast neutrons increase the diffusion coefficient,

therefore, the precipitates size and number depend not

only on the thermal neutron fluence, but also on the fast

neutron fluence. In the present paper we consider the

late stage of precipitate growth with the constant addi-

tion of Si atoms due to transmutation and evaluate the

spectral effect.

2. Nucleation and growth with constant addition of

monomers

2.1. Constant-composition and changing-composition sys-

tems

A precipitation process may be initiated by changing

external conditions, such as quenching a solution from

high temperature to a lower temperature at which the

solution is metastable. In these systems the system

composition does not change during the precipitation.

In [5] such systems are called �conservative systems�.
These processes are described by the theories of nucle-

ation and growth, for example, the comprehensive the-

ory recently developed by Slezov and Schmelzer [6].

In contrast, the precipitation of radiogenic Si in Al is

an example for a changing-composition system because

the segregating monomers (Si atoms) are gradually

produced, so that the atomic fractions of Al and Si in
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this system constantly change during the process. It is

possible to point out some other analogous systems:

1. Production of silver halides by the double-jet tech-

nique [7–9], where the rate of addition of components

is a controlling parameter of the process.

2. Deposition of thin films where the substrate surfaces

may be considered as a two-dimensional solution in

which the deposited monomers segregate to form

grains. Here again the rate of deposition is control-

ling the final grain size in the films [5].

Based on experimental observations of silver-halides

and also on the material-independent computer simu-

lation by Ludwig and Schmelzer [10] a general scheme

may be presented for the process of nucleation and

growth with constant addition of monomers.

During an initial �accumulation� period, solute con-

centration increases linearly with time. At this stage al-

most no nucleation is observed. Then at a certain

concentration nucleation becomes significant. After-

wards nucleation stops when the growth of nucleated

precipitates reduces the solute concentration slightly.

The nucleation stage starts abruptly and also ends

abruptly because of the strong dependence of nucleation

rate on supersaturation. After the nucleation ends the

nucleated precipitates grow by drawing more solute

from the solvent matrix. At this stage of �independent
growth� the supersaturation falls. When the supersatu-

ration reaches a sufficiently low value some of the pre-

cipitates become unstable and dissolve while others

continue to grow. This is the stage of Ostwald-ripening.

Further, the dissolution of existing precipitates stops

completely or at least significantly slows down. The

surviving precipitates now continue to grow mainly by

consuming the incoming flux of monomers that are ad-

ded constantly to the system. This late stage may be

called �second independent growth� (SIG).

SIG stage does not appear in the normal first-order

phase transitions in the constant composition systems. It

is a unique case specific for precipitation with constant

addition of monomers. In this study we concentrate on

the late stages of precipitation. We are interested in these

stages of the process because real reactor experiments

usually take long time – months or years, much longer

than the time of nucleation in dilute Al–Si alloys [11].

Several authors considered the late stages of precip-

itation in changing-composition systems. Kharitonova

et al. [7] and Leubner [8] used only mass-balance equa-

tions without considering the possibility of change of

precipitate number. Chakraverty [5] applied the theory

of Ostwald-ripening of Lifshitz and Slyozov [12] and

Wagner [13] to the changing-composition systems,

namely to thin film deposition. Below, we follow

Chakraverty [5] to obtain final formulae for the pre-

cipitation of radiogenic Si.

2.2. Model for late stages growth

We begin from the general formula for the growth

rate of precipitates in moderately supersaturated solu-

tions. The precipitate size distribution is required to

obey continuity and mass balance equations. Using di-

mensional analysis and again mass balance, we obtain

the dependence of precipitate size and number on the

monomer addition rate and kinetic parameters.

The growth rate of precipitates in a moderately su-

persaturated solution with small volume fraction of

precipitates is given by [6,14]

V ¼ dR
ds

¼ 1

Rm

1

Rc

�
� 1

R

�
;

s � 2rDce � aðm�1Þ
m

c2pkBT

" #
� t; ð1Þ

where R is the precipitate radius, r is the interfacial free

energy of the precipitate boundary, cp is the concentra-

tion of the segregating monomers inside the precipitate,

T is the temperature and kB is Boltzman constant. Dif-

ferent values of index m correspond to different mecha-

nisms of growth (for instance, m ¼ 0 stands for interface

control and m ¼ 1 corresponds the case of diffusion

controlled growth). am is the mechanism-dependent

constant with dimensions of length. D is the diffusion

coefficient of the segregating monomers. Its value also

depends on the growth mechanism. ce is the equilibrium
concentration of solute in the solvent. Rc is the critical

radius for which the actual concentration equals the

equilibrium concentration at the precipitate boundary.

The size distribution of precipitates, f , obeys the conti-

nuity equation:

of
os

þ o

oR
ðV � f Þ ¼ 0: ð2Þ

Since the concentration of solute in the solvent is neg-

ligible at the SIG stage of the process, we may write for

the time moment t:

cp �
4p
3

Z 1

0

f ðRÞ � R3 � dR ¼ P � t; ð3Þ

where P is the rate of monomer supply or production per

unit volume.

Only Eq. (3), is written exclusively for changing-

composition systems.

Searching for a long-term self-similar solution 1 of

Eq. (2), we use the expressions (see [15]):

1 A self-similar solution is invariant with respect to scaling

transformation. See [15].
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f ðRÞ ¼ sa � UðrÞ; Rc ¼
s
c

� �b

; r ¼ R
Rc

¼ R � s
c

� ��b

;

ð4Þ
where a, b and c are constants.

For such a solution the distribution of relative pre-

cipitate sizes does not change with time, so that the ratio

R=Rc between the average precipitate size (R) and the

critical size (Rc) is time-independent.

Substituting (4) in (1) and (2), the requirement to

preserve dimensionality yields b ¼ 1=ðmþ 2Þ, as in

constant-composition systems [15]. Substituting (4) in

(3) yields a ¼ 1� 4b. Thus we obtain:

R 	 Rc 	 t1=ðmþ2Þ; ð5Þ

f ðRÞ ¼ sðm�2Þ=ðmþ2Þ � W R
Rc

� �
: ð6Þ

The number of precipitates is given by

N ¼
Z 1

0

f ðRÞ � dR: ð7Þ

Substitution of (5) and (6) in (7) yields N 	 tðaþbÞ, and we

obtain for the growth controlled by the interface:

R 	 Rc 	 t1=2; N 	 t�1=2 	 1

R
ð8Þ

and for the growth controlled by diffusion:

R 	 Rc 	 t1=3; N ¼ constant: ð9Þ

Thus it is shown that while the dissolution of smaller

precipitates continues in the case of interface-controlled

mechanism, in diffusion controlled process the dissolu-

tion stops and the number of precipitates stabilizes.

Thus in the case of diffusion control mechanism we

obtain SIG. Computer simulations of Ludwig and Sch-

melzer [10] support in principle this conclusion.

Now the constant c and the scaled distribution

function w are determined. Substitution of (5) in (1)

yields an equation for the relative growth rate:

dðrmþ2Þ
dlns

¼ ðmþ 2Þ � c � ðr � 1Þ � rmþ2: ð10Þ

For constant-composition systems the stable solution of

Eq. (10) is given in [15] with

c ¼ c0 ¼
mþ 2

mþ 1

� �mþ1

:

In this case r0 ¼ c1=ðmþ1Þ
0 (see Refs. [12–15]).

For changing-composition systems the analysis of

Eq. (10) (as in Ref. [5]) yields the following results: for

interface controlled growth c ¼ c0 ¼ 2 as in constant-

composition systems [13]. The distribution function re-

sembles the result for constant-composition systems

with a perturbation that makes it narrower [5]. There-

fore ðR=RcÞ 
 ð8=9Þ as in constant-composition systems

[13]. Thus:

R ¼ 8

9

s
2

� �1=2

: ð11Þ

For diffusion controlled growth c > c0 ¼ 4=9 and after

long enough time all precipitates achieve a uniform

relative size, r1 > r0 ¼ 3=2. r1 is the largest real and

positive root of Eq. (10) and may be presented as a

function of c. The resulting expression for the precipitate

radius 2 is:

R ¼ 3s
2

� �1=3

� g c
c0

� �
; ð12Þ

where g is a function defined by

gðxÞ � ðxÞ1=6 � 2 cos p
3

�
� 1

3
arctanðx� 1Þ

	
:

The above results are similar to the analysis of thin

film systems [5].

The number of precipitates may be now calculated by

applying the mass balance equation (3). Replacing the

size distribution in (3) by a delta function, centered in R,
substituting (11) and (12) to (3) and returning to the

unscaled time variable t we obtain for processes con-

trolled by the interface:

N 
 1

p
� c2p �

kBT � a1
rce � D

� �3=2

� P
t1=2


 1

p
� cpkBT � a1 � P

rce � D
� 1
R

ð13Þ

and for diffusion-controlled processes:

N ¼ 1

4p
� cpkBT � P

rce � D
� g

c
c0

� �� 	�3

: ð14Þ

The result for diffusion-controlled process still contains

the undetermined parameter c (similar to Leubner�s work
[8], where the corresponding undetermined parameter is

R=Rc). In principle c may depend on P , D and thermo-

dynamic parameters. Nevertheless, experimental results

with silver-halides [7–9] and the simulations of Ludwig

and Schmelzer [10] show that N 	 ðcpkBT � P Þ=ðrce � DÞ.
This means that the dependence of gðc=c0Þ on the various

2 Note that even if is very close to c0 (but slightly larger), the

relation R ¼ Rc ¼ ð4s=9Þ1=3 which holds for constant-composi-

tion systems, is not recovered from formula (12). It is so

because the uniform precipitate size in (12) corresponds to the

maximum precipitate size in the distribution, not to the average

size.
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parameters must be rather weak. If so, we may anticipate

that at least the order of magnitude of N will be given by

N ¼ 1

4p
� cpkBT � P

rce � D
: ð15Þ

Our result for interface-controlled process is different

from the corresponding result of Leubner [8] because we

have taken into account the variation in precipitate

number in the mass balance equation.

2.3. Application to precipitation of radiogenic Si

For radiogenic Si the production rate P may be

evaluated by integrating the cross-section for Si pro-

duction over the whole neutron spectrum. In practice P
is proportional to the thermal flux, and the amount of Si

produced is proportional to the Uth � t, which is the

thermal neutron fluence. If precipitates are assumed

uniform in size (as predicted by the diffusion-control

model) and if we neglect the Si atoms in the matrix or in

other precipitate phases, we may write a correlation

between the precipitate size, the thermal fluence and the

precipitate number N :

N ¼ 4:2� 10�29 � ðUth � tÞ
d3

; ð16Þ

where d is the precipitate diameter, Uth is the flux of

thermal neutrons and t is the irradiation time. The nu-

merical prefactor (for Si) was calculated using results

obtained at reactor ORR, which imply 0.2 wt% Si pro-

duced by thermal neutron fluence of 1026 m�2 [3].

Evaluation of the diffusion coefficient of Si in Al

under reactor irradiation requires some more assump-

tions. It is known that diffusion at low temperatures is

stimulated by irradiation [16] because the diffusion co-

efficient for substitutional diffusion is proportional to

vacancy concentration. We proceed from the fact that in

the considered case the actual vacancy concentration is

much larger than the thermal equilibrium value. Also,

the irradiation temperatures (Table 1) are homologous

temperatures of 0.33–0.36 Tm at which the vacancies are

mobile even without irradiation. At the relatively low

temperatures and in materials with a large concentration

of non-radiation and radiation-induced complex defects

the sink-dominated vacancy annihilation seems more

probable in comparison with the vacancy-interstitial

recombination. We suggest that just such situation is

realized in the considered case.

When the dominant mechanism for vacancy annihi-

lation is their migration to sinks, vacancy concentration

is proportional to fast neutron flux, whereas when the

vacancies annihilate primarily by recombination with

interstitials, the vacancy concentration is proportional

to the square root of the fast flux [16]. Thus, for sink-

dominated vacancy annihilation Eq. (15) leads to:

N 	 P
D
	 %Si

DPA
	 Uth

Uf

; ð17Þ

where Uf is the flux of fast neutrons, %Si is the per-

centage of Si produced and DPA is the number of dis-

placements per atom.

For recombination-dominated vacancy annihilation,

the analogous result is

N 	 P
D
	 %Siffiffiffiffiffiffiffiffiffi

DPA
p 	 Uthffiffiffiffiffiffi

Uf

p ; ð18Þ

Eqs. (17) and (18) manifest the spectral effect found by

Farrell [4].

Above we use an implicit assumption that it is pos-

sible to neglect the precipitate dissolution caused by the

fast neutron bombardment. It seems reasonable to ex-

pect that the locally dissolved Si atoms will return soon

enough to their parent precipitates, so that this mecha-

nism will not affect substantially the overall supersatu-

ration of Si.

As it will be shown in the Section 3, the mechanism of

the interface-controlled growth is inconsistent with ex-

periments for the precipitation of radiogenic Si.

3. Comparison with experiment and discussion

We compared theoretical predictions with experi-

mental results available from the literature. Results ob-

tained by different authors at different nuclear reactors,

ORR [3], Mayer and Morris at SAFARI [17], Mitchell

at HIFAR [2] where the fluxes were evaluated by Rob-

inson [18], Van Witzenburg and Mastenbroek at HFR

[19], Farrell [4] and Packan [20] and Farrel and Richt

[21] at HFIR and HFBR [4], are listed in Table 1.

It follows from Table 1 that known experiments do

not give the complete data concerning all parameters of

irradiation. The nature of the spectrum of different re-

actors is specified only by a ratio of thermal and fast

neutron fluxes, where thermal neutrons are usually de-

fined as having energies E < 0:025 eV and fast neutrons

are defined as having energies E > 0:1 MeV. There are

no exact records regarding the irradiation temperature,

however, most research reactors mentioned in Table 1

operate at temperatures around 50 �C. More data is

available on the sizes of precipitates than data regarding

precipitate number. In all experiments precipitates on

grain boundaries are larger in size than precipitates in

the interior region of the grains. At very high fluence

irradiation Si segregates not only in fine precipitates but

also in other places such as Si-coatings of irradiation

produced voids [22]. These phenomena are not ac-

counted in Table 1, and we compiled only in-grain

precipitates. Besides the directly measured values the

number of precipitates was also calculated using (16).
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These calculated values refer to the number of precipi-

tates that would have been measured if all the produced

Si is in the fine in-grain precipitates.

Data on interdependence of precipitate size and their

number are available from experiments of Farrell and

King [3] and of Mayer and Morris [17]. With increase of

fluence there is an increase in precipitate size while the

number of precipitates does not change. This is in con-

tradiction with Eq. (13) and fits the prediction of Eq.

(15). Thus, it is reasonable to exclude the interface-

controlled mechanism and proceed to check the diffu-

sion-controlled growth mechanism.

We perform a direct comparison of (15) with the

representative experimental data obtained at ORR re-

actor. The input quantities are: P ffi 0:2� 10�8 wt%

Si s�1, ce ffi 10�3 wt% Si [23], r ffi 0:2 Jm�2 [24], kBT ffi
5� 10�21 J and N ffi 5� 1021 m�3. Substituting these

quantities in (15), we calculate the diffusion coefficient of

Si in neutron irradiated Al: D ffi 10�18 m2 s�1. This value

is much larger than the ordinary thermally activated

diffusion coefficient at low temperatures Dth ffi 10�24

m2 s�1 [23]. This is an expected result as follows from the

discussion in Section 2.3.

Overall comparison of the theoretical prediction

presented by Eq. (17) with experimental results from

Table 1 is displayed in Fig. 1.

We always used calculated numbers of precipitates

(according to (16)) so that the experimental values being

used are really the precipitate sizes and thermal neutron

fluences. A straight line, forced to pass through the or-

igin, was fitted to the experimental points. It is seen from

Fig. 1 that although the statistics are not large, there is a

fair agreement between theory and experiment with

R2 ¼ 0:92. For small numbers of precipitates the results

exhibit a visible spread. This may be due to masking of

the spectral effect [4] by other mechanisms, when the

differences in Uth=Uf are small. Temperature variations

may be also significant. Differences in the starting

composition and the thermomechanical treatment of the

aluminum alloys are also important. It may influence

the vacancy concentration through the differences in the

amount of sinks for vacancies [25,26]. Besides, experi-

mental errors in measurement of small sizes and num-

bers of precipitates are naturally larger. Nevertheless,

despite the many differences between various experi-

ments, the precipitates number is still correlated with

Uth=Uf , as seen in Fig. 1.

Note that small precipitates (and thus the large

number of precipitates) were detected at reactors HIFAR

and HFBR where the irradiation took long times. Never-

theless, the intuitive expectation is that due to Ostwald-

ripening low-flux long-time irradiation would produce

larger precipitates for the same fluence. The present

model copes with this difficulty because it predicts that

after the precipitation process enters the SIG stage the

irradiation times do not affect the precipitate number.

Table 1

Summary of the experimental results on Si-precipitation in neutron-irradiated aluminium

Reactor and

reference

Irradiation

tempera-

ture (�C)

Flux ratio

(Thermal=

Fast)

Thermal neu-

trons flux

(Uth) (10
18

nm�2 s�1)

Fluence

(Uth � t)
(1026 nm�2)

Initial impu-

rities or

Alloy desig-

nation

Precipitate parameters

Diameter (d) (nm) Number (N ) (1021 m�3)

Estimated

from d and

Uth � t (16)

Measured

ORR [3] 40–50 1.1 1.1 1.32 Al-1100 10 5.5 5.5

	5 3.2 14 4.9 5.5

SAFARI [17] 50 2.5 	2 0.0625 Al-0.01%Si 7.5 1.3 0.4

Al-0.03%Si 6.5 2.7 2

Al-0.08%Si 6.5 0.6 2.5

Al-0.4%Si 7 0.9 5

0.225 Al-0.08%Si 7 0.9 3

Al-0.4%Si 9 0.8 5

HFR [19] 45–55 0.9 0.6 2 Al-99.9995% 20–30 1.3 –

HIFAR

[2,18]

50 10 0.1–1a 2.6 Al-1080 5 87 –

HFIR [20] 50–60 1.7–2.5 17 1.7 Al-99.9999% 10 6 –

HFIR [21] 55–65 1.7–2.5 17 23 Al-1100 25 4.2 1.6

HFIR [4] 44–67 1.7–2.5 27 30 Al-6061 	50 1 –

HFBR [4] 55–65 20 6.4 40 Al-6061 	10 167 –

Irradiation times may be estimated by dividing the thermal fluence to the thermal flux.
a Estimated according to Ref. [18].
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It follows from Eq. (17) that the number of precipitates

is determined only by flux ratio Uth=Uf and not by abso-

lute value of the fluxes and irradiation time.

Eqs. (17) and (18) are valid only for experiments that

are conducted at the same temperatures. Determination

of the temperature dependence of radiation-stimulated

diffusion requires more detailed knowledge of the dif-

fusion mechanism. Study of this problem is in pro-

gress.

4. Conclusion

1. We performed an investigation of late stages of pre-

cipitation processes with constant rate of addition

of monomers. It is shown that different physical pro-

cesses, such as precipitation of Si in Al under reactor

irradiation, deposition of thin films on various sub-

strates and formation of silver halides, have the same

kinetics and identical mathematical description.

2. Two limiting cases are studied: (a) the growth of pre-

cipitates is controlled by the diffusion or (b) by the re-

action at the precipitate surface. We have taken into

account the variation of number of particles in the

balance equation, and thus obtained more precise re-

sults as compared with [8].

3. We found that in reactor conditions, which are char-

acterized by small rate of the addition of monomers

and by long experimental time, the growth of precip-

itates is limited by diffusion of Si in Al the matrix. In

these conditions Ostwald-ripening stops and the pre-

cipitates grow independently (SIG).

4. We estimate that the diffusion coefficient of Si in Al

under reactor irradiation is much larger than the

thermal diffusion coefficient at the same low temper-

atures, This effect is explained by the excess vacancy

concentration under irradiation and their radiation-

accelerated diffusion. The assumption that diffusion

coefficient is proportional to the fast neutron flux

(and accordingly that the vacancy annihilation is sink

dominated) is proven successfully by comparison of

our results with experimental data.

5. The model reasonably fits experimental results ob-

tained at various reactors and allows to quantitative

evaluation of the spectral effect on Si precipitation

in neutron-irradiated aluminum [4].
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